The velocity field and tangential shear stress for unsteady flow of an Oldroyd-B fluid with Caputo fractional derivatives through an infinite long cylinder are evaluated. The fluid in the infinitely long cylinder is initially at rest and at t = 0+, due to shear, the fluid starts to oscillate longitudinally. We have solved the fractional model with the tool of Laplace and finite Hankel transformations. The solutions are in series form and are written in generalized G-function to avoid the entanglement. In limiting cases, the solutions of ordinary Oldroyd-B fluid, Maxwell fluid with fractional as well as ordinary and Newtonian fluid are derived. Finally, behavior of different physical parameters on fluid is illustrated by graphs.
NOMENCLATURE

A
arbitrary constant E extra shear stress R radius of circular cylinder t time u velocity field ρ density λ relaxation time λr retardation time ζ shear stress σ angular frequency ψ fractional parameter φ similarity parameter Θ direction vector µ dynamic viscosity ν kinematic viscosity
INTRODUCTION
The performance and shape of the movement of nonNewtonian fluids can be narrated well by NavierStokes equations. Examples of these non-Newtonian fluids are blood, dough, suspensions, polymer resolution, liquid crystals and bitumen. Due to their multiple applications in industry, engineering and medical, these non-Newtonian fluids achieve much significance. The motion of non-Newtonian fluids between oscillating and rotating cylinders is the most worthy and fascinating phenomenon in engineering.
The phenomenon in which a non-Newtonian fluid is moving in a cylinder is very valuable problem in dynamics. The exact solution of these kind of problems such that rotational oscillation in an infinite rod is firstly presented by Stokes (1886) . Casarella and Laura (1969) described the movement of fluid in a cylinder in both longitudinal oscillation and rotation. Rajagopal (1983) and later Rajagopal and Bhatnagar (1995) firstly solved the models for the motion of non-Newtonian fluids. The models of rate type fluids that are viscoelastic have been solved by Rajagopal and Srinivasa (2000) .
The extensions to exact solutions of rate type fluids discussed by and Rubab et al. (2009) . Some conventional exact solutions to the steady state viscoelastic fluid have been studied by Fetecau et al. (2008 b) . Exact solutions for the motion due to time-dependent shear to a nonNewtonian fluid have been discussed by Fetecau and Kannan (2005) . Rotational motion within annulus of an Oldroyd-B fluid is discussed by Imran et al. (2015) . Some important attempts to get exact solutions of fractional non-Newtonian fluid models are listed here ), Tong et al. (2005 , Sultan and Nazar (2016) ).
Recently, the solution of some incompressible fluids which have convection flow in two parallel plates is discussed by Rashidi et al. (2013) and solution of Oldroyd-B fluid for magnetohydrodynamic flow is presented by Abbasbandy et al. (2013) , both are playing key role in dynamics industry. Many papers associated to non-Newtonian fluids have been proclaimed (Awan et al. (2010) , Keimanesh et al. (2011) , Galanis and Rashidi (2012) , Riaz et al. (2016) , Jamil et al. (2012) ). In this paper, exact solutions of velocity field and tangential stress of an Oldroyd-B fluid with fractional derivatives which is oscillating longitudinally are computed. Initially the cylinder is at rest and at t = 0+, the cylinder starts to move. To solve the problem, Laplace and Hankel transformations are used that made the approach to the solutions more attainable.
FORMULATION OF THE PROBLEM
The extra-stress E and the velocity U of the movement of fluid are considered as u=u(r,t) , E= E (r,t),
where ez in the cylindrical coordinate system (r,θ,z) is the unit vector in z-direction. Moreover, when the fluid starts to move, we have
The equations that govern the motion of an Oldroyd-B fluid are given as (1+ ) (r,t)=µ(1+ )
where τ(r,t) = Erθ(r,t) is the only nontrivial shear stress. By eliminating ζ from Eqs. (3) and (4), we have
The Caputo fractional differential operator ) is
, 0 < < 1;
where Γ(·) denotes the Gamma function.
From Eqs. (3) and (5) by using the fractional differential operators and in place of integer time derivatives, we obtain the equations of motion of an Oldroyd-B fluid with fractional derivatives ) . (8) Consider a fractional Oldroyd-B fluid which is initially at rest in an infinitely long cylinder of radius R. In the presence of shear stress, after some time the cylinder starts to oscillate. As a result of applied shear stress, the fluid is gradually moved. The appropriate initial and boundary conditions are u(r,0)=
(1+ ) (r,t) = = µ(1+ )
where ω is angular frequency. Eqs. (7) and (8) involving fractional derivatives are solved by using the tool of Laplace transformation and Hankel transformation.
CALCULATION OF THE VELOCITY FIELD
Taking the Laplace transformation of Eqs. (8) and (10), we have
The finite Hankel transform of u(r, p) is defined as )
where J0(·) is the Bessel function of first type having zeroth order and rn, n = 1,2,3,... are the positive roots of the transcendental equation J1(Rr) = 0. Multiplying Eq. (11) by rJ0 (rrn), then integrating with respect to 'r' from 0 to R and using the identity
Taking the inverse Hankel transform, we obtain
The suitable form of the last factor of Eq. (17) is
is the binomial co-efficient.
Introducing Eq. (18) in (17) and applying inverse
Laplace transformation, using convolution theorem and the formula
;
where
is the generalized G-function. We find the expression u(r,t) for the velocity field
where * denotes the convolution between two functions.
Calculation of the Shear Stress
Taking Laplace transform of Eq. (7), we have
Differentiating Eq. (17) w.r.t 'r', we obtain ( , ) =
Introducing Eq. (23) into (22), we have
applying inverse Laplace transformation, using convolution theorem and the formula of G-function, we find the expression for shear stress ζ(r,t)
LIMITING CASES
The solutions (21) and (25) are in general form. After imposing some appropriate limits on these, we recover solutions for some other fluids.
Ordinary Oldroyd-B Fluid
Substituting ψ,φ → 1 in Eqs. (21) and (25), we get the expression for the velocity
and for the shear stress
of an ordinary Oldroyd-B fluid.
Fractional Maxwell Fluid
Substituting λr→ 0,ψ → 1 in Eqs. (21) and (25), we get the expression
for the velocity field and
for the shear stress of Maxwell fluid with fractional derivatives.
Ordinary Maxwell Fluid
Substituting λr→ 0and ψ,φ → 1 for Eqs. (21), (25) (or substituting φ → 1 for Eqs. (28), (29)), we get the expression
for the shear stress of Maxwell fluid with ordinary derivatives.
Newtonian Fluid
Substituting λr,λ → 0 and ψ,φ → 1 for Eqs. (21), (25), we get the velocity field expression
and the shear stress expression
for a Newtonian fluid. 
NUMERICAL RESULTS AND DISCUS-SION
The velocity field and the tangential stress for unsteady flow of an Oldroyd-B fluid with the Ca-puto derivatives through an infinite long cylinder are evaluated. The fluid in the infinitely long cylinder is initially at rest and at t = 0+, due to shear, the fluid starts to move. The tool of finite Hankel and Laplace transformations is used for determining these solutions. The solutions are presented in generalized G−function. These solutions satisfy all initial and boundary conditions. The solutions of ordinary Oldroyd-B fluid, fractional Maxwell fluid, ordinary Maxwell fluid and Newtonian fluid are achieved in limiting cases. The behavior of solutions is illustrated graphically in the end.
Finally, we have plotted some graphs for velocity and tangential stress of the fluid by using Eqs. (21) and (25) respectively, to see the effect of different physical parameters on our results. These graphs have been plotted against the values of r. Figs. 2 and 3 depict that velocity and shear stress are directly proportional to time. From Figs. 4-7 , we conclude that both the tangential stress and the velocity field are decreasing function to λr and λ. The impact of the kinematic viscosity ν is analyzed in Figs. 8 and 9 , which show that both shear stress and velocity field are directly proportional to the kinematics viscosity. 
CONCLUSIONS
In this paper, exact analytical solutions of velocity field and shear stress of an Oldroyd-B fluid with fractional derivatives in cylindrical domain in calculated. To solve the problem, Laplace and Hankel transformations are used that made the approach to the solutions more attainable.
• It is worthy to observe that the fluid layers situated close cylinder surface have a significant motion, while the fluid situated in the central area of the cylinder has a very slow motion.
• The shear stress has the behavior similar with velocity; therefore, it is increasing when the time increases.
• The physical parameters ν is directly proportional to both velocity function and shear stress.
• The physical parameters λ and λr are opposite to both velocity function and shear stress.
